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Global symmetries and symmetry breaking patterns of QCD with light quarks, in partic-
ular chiral symmetry, provide basic guidance not only for low-energy hadron physics but
also for nuclear forces and the nuclear many-body problem. Recent developments of Chi-
ral Effective Field Theory applications to nuclear and neutron matter are summarized,
with special emphasis on a (non-perturbative) extension using functional renormalisa-
tion group methods. Topics include: nuclear thermodynamics, extrapolations to dense
baryonic matter and constraints from neutron star observables.
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1. Introductory Survey:
QCD Symmetry Breaking Patterns and Scales
Understanding nuclei and dense baryonic matter at the interface with quantum
chromodynamics (QCD), the underlying theory of the strong interaction, is one of
the pending challenges in nuclear many-body theory. Global symmetries of QCD
provide guidance for constructing effective field theories that represent low-energy
QCD and thus establish a conceptual frame for nuclear physics. In its sector with
the two lightest (u and d) quarks, two such basic symmetries of QCD are a key to
understanding low-energy energy hadron structure as well as nuclear forces: scale
invariance and chiral symmetry. Given the small quark masses,1 mu ' 2 MeV and
md ' 5 MeV (at a renormalization scale µ ' 2 GeV), a useful starting point is
QCD with a massless isospin doublet ψ = (u, d)> of quarks. In this limit, scale and
chiral invariance are exact symmetries of QCD.
1.1. Scale invariance, trace anomaly and the mass of the nucleon
QCD with massless quarks has no dimensional parameter. A scale transformation
of the quark and gluon fields, ψ(x) → λ3/2ψ(λx) and Aµ(x) → λAµ(λx) with
∗Dedicated in memory of Ernest M. Henley (1924 - 2017).
1
ar
X
iv
:1
81
1.
09
68
2v
1 
 [n
uc
l-t
h]
  2
1 N
ov
 20
18
November 27, 2018 1:57 WSPC/INSTRUCTION FILE IJMP˙Weise
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an arbitrary constant λ, leaves the QCD action S =
∫
d4xLQCD invariant. The
associated conserved current, Sµ = xνΘ
µν , involves the energy-momentum tensor
Θµν derived from the QCD Lagrangian LQCD. At the classical level this current
is conserved, i.e. ∂µS
µ = Θµµ = 0. QCD as a quantum field theory, on the other
hand, is subject to renormalization which introduces a scale, ΛQCD, so that scale
invariance is broken. Consequently, the trace of the QCD energy-momentum tensor
is non-vanishing. It is given by the trace anomaly:
Θµµ =
β(g)
g
Tr [GµνG
µν ] , (1)
involving the gluon field tensor Gµνa (with the SU(3) color index a = 1, . . . , 8)
and Tr [GµνG
µν ] = 12
∑
aGµν,aG
µν
a = B
2 − E2 in terms of color-magnetic and
color-electric fields. The leading-order QCD beta function is β(g) = − β016pi2 g3 with
β0 = 11− 23Nf = 9 for Nf = 3 quark flavors, and we write αs = g
2
4pi as usual.
A prominent phenomenon in QCD is the emergence of the nucleon mass, MN , as
a characteristic 1 GeV scale starting from (almost) massless u and d quarks. Gluon
dynamics and the trace anomaly are at the origin of this mass generation mechanism
which is thus responsible for almost all of the visible mass in the universe.
Consider the matrix element of the energy-momentum tensor,
〈N(P )|Θµν |N(P )〉 = (PµP ν/MN ) U¯(P )U(P ) ,
of a nucleon with four-momentum Pµ. The Dirac spinor U(P ) of the nucleon is
normalized as U¯ U = 2MN . The nucleon mass, MN =
√
PµPµ, is determined by
taking the trace of the energy-momentum tensor. For massless quarks we have:
〈N(P )|Θµµ|N(P )〉 = 〈N(P )| −
9αs
4pi
Tr [GµνG
µν ] |N(P )〉
=
9
4
〈N(P )|αs
pi
(E2 −B2)|N(P )〉 = M (0)N U¯(P )U(P ) . (2)
The resulting mass,2 M
(0)
N , differs by about 10% from the physical nucleon mass,
underlining its prominent gluon-dynamical origin. Nonzero quark masses with mq ≡
1
2 (mu +md) add a comparatively small piece (the sigma term) σN = 〈N |mq(u¯u+
d¯d)|N〉/(2MN ), such that the physical nucleon mass becomes
MN = M
(0)
N + σN + σs , (3)
where σs ∝ 〈N |ms s¯s|N〉 denotes the additional contribution from the strange-
quark mass. The empirical value of the nucleon sigma term, deduced from low-
energy pion-nucleon scattering data, has for a long time been in the range3 σN '
(45 ± 8) MeV. Recent advanced analysis4 arrives at a significantly larger value:
σN ' (59± 5) MeV, while lattice QCD computations5 suggest a smaller value (38
MeV with about 20% uncertainty). The apparent tension between these numbers is
still an issue. The strangeness sigma term of the nucleon, σs, is likewise uncertain.
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1.2. Spontaneous chiral symmetry breaking and the pion
In the limit of vanishing quark masses, mu = md = 0, QCD has an exact SU(2)L×
SU(2)R chiral symmetry: in absence of quark mass terms the QCD Lagrangian
is invariant under separate isospin-SU(2) rotations of the left- and right-handed
quark doublets, ψL = (uL, dL)
> and ψR = (uR, dR)>. The associated conserved
currents of the left- and right-handed quarks, JµL,R = ψ¯L,Rγ
µψL,R, are conveniently
rewritten as isovector axial and vector currents,
Aµ(x) = ψ¯(x) γµγ5
τ
2
ψ(x) , V µ(x) = ψ¯(x) γµ
τ
2
ψ(x) , (4)
with ∂µA
µ = ∂µV
µ = 0. Chiral symmetry remains intact in its trivial (Wigner-
Weyl) realisation at any order of perturbation theory in high-energy QCD. However,
the non-perturbative nature of strong interactions at low energy induces a qualita-
tively different scenario: the Nambu-Goldstone realisation of spontaneously broken
chiral symmetry.
The spontaneous breaking of a global symmetry implies the existence of massless
Nambu-Goldstone (NG) bosons. In the present case, the original chiral SU(2)L ×
SU(2)R symmetry of QCD with massless quarks is reduced to isospin SU(2)V
which remains a good symmetry, together with U(1)B for baryon number. The
NG bosons are identified with the isospin triplet of pions, pi = (pi1, pi2, pi3). At
the same time spontaneous chiral symmetry breaking implies a qualitative change
of the QCD vacuum, generating a scalar condensate of quark-antiquark pairs, the
quark condensate 〈q¯q〉 = 〈u¯u + d¯d〉. Historically, the mechanism of spontaneous
chiral symmetry breaking with the emergence of pions as NG bosons and a non-
zero quark condensate was elegantly displayed by the Nambu & Jona-Lasinio (NJL)
model6 which subsequently enjoyed various extensions and multiple applications7,8
in hadron physics.
Explicit symmetry breaking by the non-zero quark masses shifts the pion mass
from zero to its physical value. The pion mass is connected to the bare quark mass,
mq =
1
2 (mu + md), through the Gell-Mann - Oakes - Renner relation
9 derived
originally from current algebra and PCAC:
m2pi f
2
pi = −mq 〈q¯q〉+O(m2q, m2q logmq) . (5)
It involves the pion decay constant, fpi, defined by the matrix element connecting
the pion with the QCD vacuum via the isovector axial current:
〈0|Aµi (0)|pij(q)〉 = iδij qµfpi . (6)
The empirical pion decay constant, fpi ' 92.2 MeV, is slightly larger than its value in
the chiral limit, f
(0)
pi ' 86 MeV. Like the quark condensate 〈q¯q〉, this decay constant
is a measure of spontaneously broken chiral symmetry with a characteristic scale,
Λχ ∼ 4pi f (0)pi ' 1 GeV. The non-zero pion mass, mpi  Λχ, is a reflection of the
explicit chiral symmetry breaking by the small u and d quark masses, with m2pi
proportional to mq. The following correspondence holds for a comparison of these
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“small” scales in terms of quark and hadron language:
mq
ΛQCD
∼
(
mpi
4pifpi
)2
' 1.4 · 10−2 , (7)
using ΛQCD ∼ 0.25 GeV.
Unlike the pion mass and decay constant, the quark masses mu,d as well as
the quark condensate 〈0|q¯q|0〉 are scale-dependent quantities and therefore not sep-
arately observable. Only their product is renormalization group invariant. At a
renormalization scale µ ' 2 GeV, a typical average quark mass mq ' 3.5 MeV goes
together with a condensate 〈q¯q〉 =' −(0.36 GeV)3 ' −6 fm−3.
1.3. Nucleons and pions in low-energy QCD
Consider now how the nucleon is to be viewed under the aspect of spontaneously
broken chiral symmetry. As a starting point imagine three massless quarks forming
a color-singlet with one unit of baryon number and total spin 1/2. Embedded in the
non-trivial QCD vacuum, this originally massless trio of quarks acts as a seed for
the formation of the nucleon with its large mass M
(0)
N as just outlined. The massive
nucleon emerges as a complex system in which the three valence quarks, accompa-
nied by a strong gluonic field and a sea of quark-antiquark pairs, are localized in a
small volume with a radius of less than a Fermi.
Localization (confinement) of the valence quarks in a finite volume implies
breaking of chiral symmetry. The quark helicity, h = ~σ ·~p/|~p |, changes sign when the
quark momentum ~p is reflected at the confining boundary whereas the spin ~σ keeps
its direction: left- and right-handed quark chiralities mix. This symmetry breaking
mechanism has its origin again in the strong-coupling dynamics of low-energy QCD.
The following low-energy QCD based picture relevant to nuclear physics thus
emerges.10–12 The nucleon mass is predominantly generated by gluon dynamics
through the trace anomaly. The same underlying strong-interaction processes in-
duce the spontaneous breaking of chiral symmetry. The pion is singled out as an
almost massles Nambu-Goldstone boson, a collective quark-antiquark mode of the
non-perturbative QCD vacuum. The three valence quarks in the nucleon, carrying
one unit of baryon number, are localized in a small spatial volume. Strong vac-
uum polarization effects surround this baryonic core with multiple quark-antiquark
pairs. The low-energy physics associated with this mesonic (q¯q) cloud is governed
by pions as NG bosons of spontaneously broken chiral symmetry, in such a way that
the total axial vector current of the “core + cloud” system is conserved apart from
small mass corrections (PCAC). Interactions between two nucleons at long and
intermediate distances are generated as an inward-bound hierarchy of one-, two-,
multi-pion exchange processes. The framework for systematically organizing this
hierarchy is Chiral Effective Field Theory (ChEFT). It is based on the separation
of scales that delineates low energies and momenta characteristic of nuclear physics
from the chiral symmetry breaking “gap” scale, Λχ = 4pifpi ∼ 1 GeV ∼MN .
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In this context it is instructive to examine the typical size scales of the nucleon
itself. As mentioned the “chiral” nucleon consists of a compact valence quark core
surrounded by a multi-pion cloud. Early concepts of the nucleon as a topological
soliton derived from a non-linear chiral meson Lagrangian have drawn a picture13 of
the distributions of baryon number, ρB(r), and of (isoscalar) electric charge, ρS(r) ≡
ρp(r) +ρn(r), as shown in Fig. 1. The root-mean-square radius of the baryonic core
turns out to be 〈r2B〉1/2 ' 0.5 fm. The isoscalar charge radius of the nucleon,
determined primarily by its charged meson cloud, is significantly larger: 〈r2S〉1/2 '
0.8 fm. The ratio of the corresponding volumes, V(baryon no.)/V(charge) ∼ 0.2,
indicates yet another separation of scales relevant to the window of applicability
for ChEFT.
iriirr .rqr ur tsol sr ruJ s'0 --w l2t salBcs qfual le sJrs,(qd luBuodur leql .re^e,{oq
:\,:'.qo {l ll'slapou ed,{1-auu,{19 ur oseJ eql lcBJ ur sr srql .rBeddEstp plno,t\
\tr:jii:rp srql 'oo <='w r4]ln r.uopso{ 3o saa.rEap uosetu Jolce^ .,u3zo{,, Jo lrurl eql
r :rrt rtr)\'uorlnqrrlsrp reqr.unu uo,{reg oql qlr^\ uoloqd rEIeJSosr oql slceuuoc
:.Ut. .roi!Lu-ra Eurle8edord eql ol onp,{ldrurs sr (!.r) pue s(];) uae,,n1eq ecueJogrp
ir::t:uir. aql'tuJ6t'O:s(?l) lecurdrue aql qlr,^d luaruea:3u pooE fra,L ul .ruJg.0
' ,u .r.rrctgo auo'(lepour lur.uturul) I olqel ur se ruJ9.g=.r,($.r):Hl qlr^\ ocueH
'ltu ' 
(o,r) + " "9
,{q ,{lrsuap Joqrunu uo,{req or{l Jo (gl): rl.l snrpur arunbs ueeu eql ol
r:ri:r \r trll) snrper eSreqc Jel€csosr orenbs ueotu eql teql ,(lalerpauur s,rolloJ 1I
' lt yog 1tb 1,t[-t tp " 
| ,!+?* -
' 'J i*uz
1t1,o1ftt',[rt tp "l+, : (,b)]c
, (r),,g8i: e)or(Iw _.L)
:(lopou letururtu :cgt.E) uorlenba plog uosaru_r,
iur..1 '1egg'7) rope3 ruro3 e3:eqc releJsosr or{l reprsuoc,srql elerlsnllr o1
'uolrlos eql eprsur raqlunu uo,{:eq Jo uorlnqrr}stp
\.rlnieeru Hcrr{rrr.r,(!.r):H/ sntper eql ueqlraE.rul ,(lgeraptsuoJ sr uoloqd eqt.{q
'plau uosoru-o aqt .iq paunu:a1ep Xlrsuap
-' 'jl\)l) rpleJsost aqt o1 saldnol uotoqd:e;ersost aql sealJq\\.{llsuap:B.reqt uo,{.rcq petrlp[!Jou
. , I/ rl0H lapou leulultu oql JoJ (Itrun ot pazlleurou) suortnqlrlsrp a8:eq:r:elucsosl S.ilC
Ir!J]r
aL 0r 80 90 t0 z0 0
Z
[' u]l
\uoluos awtt$ls sD ''uoapnN I 'lD D /Duss!aI,! .c_.n
01rJ,4 UeC 3,4A
1
2
0.2 0.4 0.6 0.8 1.0 1.2 r [fm]
[fm−1]
4πr2 ρB(r)
4πr2 ρS(r)
charge density
baryon density
isoscalar
0
Fig. 1. Distributions (multiplied by 4pir2) of baryon number, ρB(r), and isoscalar electric charge,
ρS(r) = ρ(proton) + ρ(neutron), resulting from a chiral soliton model of the nucleon
13 .
The detailed investigation and analysis of deeply virtual Compton scattering
measurements14,15 at J-Lab can provide further empirical information on these
scales. Such data are expected to map out the transverse profile of the proton at
different ranges of longitudinal quark momentum (i.e. Bjorken-x), thus interpolat-
ing between sections dominated by valence quarks (0.3 . xB . 0.5) and those
prominently involving the sea of quark-antiquark pairs (xB < 0.2). Recent and
ongoing studies combined with a Regge picture suggest an xB-dependence of the
transverse proton size as follows:16
〈b2〉 ' 0.16 fm2 · ln
(
1
xB
)
. (8)
In the valence quark region, 13 < xB <
1
2 , this implies a “core” size
Rcore =
√
3
2
〈b2〉 ' 0.4− 0.5 fm , (9)
consistent with the previously discussed radius of the baryon density in the chiral
soliton model of the nucleon.
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1.4. Towards compressed baryonic matter
Assuming a typical 1/2 Fermi radius of the baryon core, let us consider compressed
baryonic matter and examine up to which baryon densities, n = B/V, one can
still expect nucleons (rather than free-floating quarks) to be the relevant baryonic
degrees of freedom. A schematic picture is drawn in Fig. 2, illustrating a piece
of baryonic matter as a set of Gaussian distributions. Each of these Gaussians
approximates very well the baryon density of the nucleon as a chiral soliton, Fig. 1.
At the density of normal nuclear matter, n0 = 0.16 fm
−3, the baryonic cores are
well separated by an average distance dNN ∼ n−1/30 ' 1.8 fm. Pions couple to
these baryonic sources and act in the space between these cores. The pion field
incorporates multiple exchanges of pions between nucleons, and those mechanisms
are properly dealt with in chiral EFT.
While these longer-range pionic field configurations will undergo drastic changes
in highly compressed baryonic matter, the sizes of the compact baryonic cores
themselves are expected to remain stable as long as they continue to be separated.
As illustrated in Fig. 2, even at n = 5n0, corresponding to an average distance
dNN ' 1.1 fm between nucleons, the individual baryon distributions are indeed
still well identifiable with just small overlaps at their touching surfaces. At such
high densities the (non-linear) pion field between baryonic sources is accumulating
much strength. Non-perturbative chiral field theory methods must be employed to
treat these strong-field configurations.
Fig. 2. Schematic picture of baryonic matter at normal nuclear density (n0 = 0.16 fm−3, left) and
at n = 5n0 (right). The individual baryon number density distributions are Gaussians with an
r.m.s. radius
√
〈r2B〉 = 0.5 fm.
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In this picture the nucleons loose their identities once the density reaches
n & 10n0 and the baryon distributions begin to merge (percolate). Quark matter
with strong pairing (diquarks) is supposed to take over17 . However, such extreme
densities are already beyond the baryon densities typically encountered in the cen-
tral regions of neutron stars if their radii are larger than about ten kilometers. One
should also note that the strong short-distance repulsion between nucleons tends
to make a “soft” merging scenario for nucleons energetically very expensive. The
repulsive hard core of the NN interaction with its typical range of about half a
Fermi has a long phenomenological history in nuclear physics. More recently this
hard core has been established by deducing an equivalent local NN potential from
lattice QCD computations18,19 .
2. Chiral Effective Field Theory and Related Approaches to
Nuclear and Neutron Matter
Chiral effective field theory20 starts out as a non-linear theory of Nambu-Goldstone
pions and their interactions, with symmetry-breaking mass terms added. Nucleons
are introduced as “heavy” sources of the NG bosons. A systematically organized
low-energy expansion in derivatives of the pion field (power-counting) provides a re-
markably successful quantitative description (chiral perturbation theory21) of pion-
pion scattering and of pion-nucleon interactions at momenta and energies small
compared to the symmetry breaking scale, Λχ ∼ 4pifpi. ChEFT with inclusion
of nucleons22 is also the basis for a highly successful theory of the nucleon-nucleon
interaction. In recent years this has become the widely accepted input for the treat-
ment of nuclear many-body problemsa.
2.1. Chiral nuclear forces
Nuclear forces in ChEFT are constructed in terms of explicit one- and multi-
pion exchange processes, constrained by chiral symmetry, plus a complete set
of contact terms encoding unresolved short-distance dynamics.25–27 A system-
atic hierarchy of diagrammatic contributions (see Fig. 3) is organized in powers
of Q/Λ, where Q stands generically for small momenta or the pion mass, and
Λ < Λχ = 4pifpi ∼ 1 GeV is a conveniently chosen cutoff, intermediate with refer-
ence to the chiral symmetry breaking scale. Two-body forces at leading-order (LO),
corresponding to (Q/Λ)0, include the one-pion exchange contribution together with
two contact terms acting in relative S-waves. Next-to-leading order (NLO) terms
proportional to (Q/Λ)2 include two-pion exchange diagrams involving vertices of
the chiral piN -Lagrangian. These NLO contributions generate isovector central,
isoscalar spin-spin and isoscalar tensor forces. Detailed expressions are found in the
mentioned literature. Additional polynomial pieces produced by pion loops can be
aSee e.g. references23,24 for recent overviews.
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Two nucleon force Three nucleon force Four nucleon force
LO
NLO
N2LO
N3LO
Figure 5: Hierarchical organization of nuclear forces in chiral e↵ective field theory.
an explicit degree of freedom. Here arises the arctan loop function. At the same order there are additional relativistic
1/MN -corrections to 2⇡-exchange. Their explicit form depends on the precise definition of the nucleon-nucleon potential
VNN , which by itself is not an observable. Covariant perturbation theory [? ] and the method of unitary transformations
[? ] thus lead to slightly di↵erent expressions for these small 1/MN -corrections. As the state of the art, the chiral
NN-potential has been constructed up to order N3LO and it includes two-loop 2⇡-exchange, 3⇡-exchange and contact-
terms quartic in the momenta parameterized by 15 additional low-energy constants D1, . . . , D15. When inserted into the
Lippmann-Schwinger equation (in order to solve for the unitary S-matrix or the T -matrix) the chiral NN-potential is
multiplied by an exponential regulator function with a cuto↵ scale ⇤ = 500  700MeV in order to restrict the potential
to the low-momentum region where chiral perturbation theory is applicable. The resulting NN partial-wave amplitudes
should then be independent of the cuto↵ ⇤ within a physically meaningful range of ⇤. The development of an alternative
power counting that would extend renormalization group invariance beyond the hard scale ⇤  is currently an area of
active investigation [? ? ? ]. Furthermore, methods of spectral function regularization [? ] have been employed in order
to eliminate the high-momentum region in the pion-loop integrals directly. In this case the loop functions L(q) and A(q)
receive an additional dependence on a regulator scale ⇤˜.
At order N3LO the chiral NN-potential reaches the quality of a “high-precision” potential in reproducing empirical
NN-phase shifts and deuteron properties. At the same time it provides the appropriate two-body interaction constrained
by chiral symmetry of QCD for nuclear few- and many-body calculations.
3.1.2. Nuclear many-body forces
Within the chiral e↵ective field theory framework employing nucleons and pions as the explicit degrees of freedom,
the leading-order contribution to the nuclear three-body potential arises at order N2LO and consists of three terms. The
two-pion exchange three-nucleon potential contains terms proportional to the low-energy constants c1, c3, and c4 and has
the form
V
(2⇡)
3N =
X
i 6=j 6=k
g2A
8f4⇡
~ i · ~qi ~ j · ~qj
(~qi
2 +m2⇡)(~qj
2 +m2⇡)
F↵ ijk⌧
↵
i ⌧
 
j , (42)
16
NN force 3N force 4N force
LO
LO
2
3 O
NN interaction
Fig. 3. Diagrammatic hierarchy of chiral nuclear forces (single and multiple pion exchange) plus
contact terms up to fourth ord r n pow rs of Q/Λ.
absorbed into the set of contact terms at NLO which features seven low-en rgy
constants associated with all combinations of spin, isospin and momentum oper-
ators appearing at that order. These low-energy constants are adjusted to fit NN
scattering phase shifts.
At order N2LO the most impor ant piec s from chiral two-pion exchange arise,
those that generate the prominent intermediate-range attraction in the isoscalar
central NN channel and reduce the overly strong one-pion-exchange isovector ten-
sor force. These terms28 involve chiral pipiNN contact couplings. They include the
prominent effects of ∆(1232)-isobar d grees f f eed m in intermediate steps of the
two-pion exchange processb. In addition there are relativistic 1/MN correctio s to
2pi-exchange.25,28
Chiral NN potentials constructed up to order N3LO (i.e., fourth order in Q/Λ)
include two-loop 2pi-exchange processes, 3pi-exchange terms plus contact forces
quartic in the momenta and parameterized by 15 additional low-energy constants.
When solving the Lippmann-Schwinger equation the potential is multiplied by an
exponential regulator function with a cutoff scale Λ = 400− 700 MeV < Λχ in or-
der to restrict integrations to the low-momentum region where chiral effective field
theory is applicable. At order N3LO the chiral NN interaction reaches the quality
of a “high-precision” (χ2/d.o.f. ∼ 1) potential in reproducing empirical NN scat-
tering phase shifts and deuteron properties.26,29 At the same time it provides the
foundation for systematic nuclear structure studies of few- and many-body systems.
Current state-of-the-art potentials30 have progressed to chiral order N4LO (fifth or-
der in Q/Λ) and achieved still further substantial improvements in comparison with
empirical NN two-body data, including peripheral phase shifts and np polarization
bIn fact, treating the ∆(1232) as an additional explicit baryonic degree of freedom promotes these
mechanisms from N2LO to NLO.
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Fig. 4. Three- and four-body nuclear forces generated in chiral EFT at orders N2LO and N3LO.
observables31,32 . Convergence has been successfully demonstrated by investigating
dominant contributions of order N5LO33 .
Recent years have seen many applications of chiral two- and three-nucleon in-
teractions in various nuclear structure computations and calculations of nuclear
and neutron matter (see, e.g.,34–36 and refs. therein). The strength of the ChEFT
approach is its well-defined perturbative hierarchy, increasing order by order in the
complexity of two- and many-body interactions. Three-body forces first enter at
order N2LO as illustrated in Fig. 4, with pion-loop effects added at order N3LO.
Four-body forces start to appear at this order as well, actually with no additional
low-energy constants.
2.2. In-medium chiral perturbation theory
Chiral EFT is basically a perturbative framework. In a nuclear medium, the new
“small” scale that enters in addition to three-momenta and pion mass is the Fermi
momentum, pF , of the nucleons. Its value at the equilibrium density of N = Z
nuclear matter, n0 = 2p
3
F /3pi
2 = 0.16 fm−3, is pF = 1.33 fm−1 ' 1.9mpi, small
compared to the chiral scale Λχ = 4pifpi ∼ 1 GeV. Expansions in powers of pF /Λχ <
0.3 are thus likely to converge. Even at densities n = 3n0 the Fermi momentum still
satisfies pF /Λχ < 0.4. These observations suggest indeed the applicability, within
limits, of perturbative approaches to the nuclear many-body problem.
Efforts to understand the properties of nuclear matter from ChEFT generally fall
into two categories. In one approach free-space two- and three-body nuclear poten-
tials, with low-energy constants fitted to NN scattering phase shifts and properties
of bound two- and three-body systems, are combined with a many-body method of
choice to compute the energy per particle. Input parameters representing unresolved
short-distance dynamics are fixed at the few-body level. In the second approach,
in-medium chiral perturbation theory, the energy per particle is constructed as a
diagrammatic expansion in the number of loops involving explicit pion-exchange
processes. There are two small scales, pF and the pion mass. The nuclear matter
equation-of-state is given by an expansion in powers of the Fermi momentum. The
expansion coefficients are non-trivial functions of the dimensionless ratio, pF /mpi,
November 27, 2018 1:57 WSPC/INSTRUCTION FILE IJMP˙Weise
10 W. Weise
of the two relevant low-energy scales in the problem.
The new element in nuclear many-body calculations (compared to scattering
processes in the vacuum) is the in-medium nucleon propagator. For a nucleon with
four-momentum pµ = (p0,p) it reads:
G(p) = (γµpµ +MN )
[
i
p2 −M2N + i
− 2piδ(p2 −M2N ) θ(p0)θ(pF − |p|)
]
. (10)
In the non-relativistic limit relevant for most nuclear physics applications, G(p)
turns into
G(p0,p) =
i
p0 − p2/2MN + i − 2piδ(p0 − p
2/2MN ) θ(pF − |p|) . (11)
The first term is the free-space propagator, while the second term (the medium
insertion) accounts for the filled Fermi sea of nucleons. This expression for G(p0,p)
can be rewritten as a sum of particle and hole propagators, a form more commonly
used in non-relativistic many-body perturbation theory. With the decomposition in
Eq. (11), closed multi-loop diagrams representing the energy density at zero temper-
ature can be organized systematically in the number of medium insertions. Thermo-
dynamics proceeds in an analogous way for the free energy density, with θ(pF −|p|)
replaced by corresponding thermal distributions.23
Various applications of in-medium chiral perturbation theory have been reported
in recent years, in particular, computations of the equations-of-state for nuclear and
neutron matter. Representative examples are given in the following.
2.2.1. Nuclear chiral thermodynamics, part I
Nuclear matter at finite temperature features a liquid-gas phase transition which
any realistic many-body calculation should reproduce. Calculations of the free en-
ergy of symmetric nuclear matter (with equal number of neutrons and protons,
N = Z) have been performed using N3LO chiral NN interactions plus N2LO three-
body forces in combination with Kohn-Luttinger-Ward many-body perturbation
theory. The resulting equation-of-state is shown in Fig. 5. The first-order liquid-gas
phase transition is reproduced with a critical temperature of 17.4 MeV. For com-
parison, the critical temperature deduced from empirical data39 is Tc = 17.9± 0.4
MeV. The empirical pressure and density at the critical point, Pc = 0.31 ± 0.07
MeV·fm−3 and nc = 0.06 ± 0.01 fm−3, are also well reproduced by the ChEFT
calculation as evident from Fig. 5.
2.2.2. Nuclear and neutron matter at zero temperature
Examples of recent perturbative ChEFT computations of the energy per particle,
E/A, for nuclear and neutron matter at T = 0 are shown in Fig. 6. Starting from
N3LO chiral NN interactions andN2LO three-body forces, calculations using third-
order many-body perturbation theory have been performed40,42 . These calculations
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Fig. 5. Equation-of-state for symmetric nuclear matter displaying the first-order liquid-gas phase
transition. Isotherms of pressure as function of density are computed with N3LO chiral NN
interactions and N2LO three-body forces.37,38 Solid and dash-dotted curves correspond to cutoffs
Λ = 414, 450 MeV, respectively. The calculated critical temperature is Tc ' 17.4 MeV.
are considered reliable up to densities n ∼ 2n0 and perhaps slightly beyond, but
because of their perturbative nature, they cannot be extended up to the densities
relevant for neutron star cores.
Further-reaching studies have recently been performed deriving a nuclear
energy-density functional (EDF)41 from chiral EFT. This EDF reproduces local
density distributions of finite nuclei such as 208Pb very well. When extrapolated to
neutron star densities, the emerging pressure as function of energy density turns
out to be sufficiently high in order to support two-solar-mass neutron stars with
radii around 11-12 km.
2.3. Non-perturbative methods: Functional Renormalization Group
The perturbative chiral EFT approach to nuclear and neutron matter relies on the
convergence of an expansion of the energy-density in powers of pF /Λ, the Fermi mo-
mentum over a suitably chosen momentum space cutoff. Typical ChEFT cutoffs are
Λ ∼ 400− 500 MeV, about half of the chiral symmetry breaking scale Λχ = 4pifpi.
At n ∼ 5n0 the Fermi momenta are comparable to Λ and therefore a perturbative
expansion is not expected to work. A non-perturbative strategy needs to be devel-
oped. In particular, multi-nucleon correlations grow rapidly with increasing density
and must be treated through resummations.
The focus will now be on functional renormalization group (FRG) methods
applied to nuclear many-body systems. Here we give a brief outline and summary
of developments and results reported in refs.43–45 where formalisms and more details
can be found. The underlying logic is the following: in the domain of spontaneously
broken chiral symmetry, the active degrees of freedom are pions and nucleons. A
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Fig. 6. Energy per particle of symmetric nuclear matter and neutron matter at temperature
T = 0 as function of baryon density. Results of ChEFT calculations using with N3LO chiral
NN interactions and N2LO three-body forces. Uncertainty bands correspond to cutoff range Λ =
450− 500 MeV. Adapted from ref.42 .
corresponding hierarchy of scales starts at the chiral symmetry breaking scale, Λχ =
4pifpi. This is taken as the “ultraviolet” (UV) initialization of a renormalization
group flow equation that describes the evolution of the action down to low-energy
“infrared” (IR) scales characteristic of the nuclear many-body problem at Fermi
momenta pF  Λχ. At the UV scale a chiral nucleon-meson Lagrangian based on
the linear sigma model with an appropriate potential is chosen as a starting point.
This chiral nucleon-meson field theory involves a scalar σ field accompanying the
pion as a chiral partner. The primary σ is heavy, with a mass close to 1 GeV
reminiscent of the f0(980). It is not to be confused with the broad “σ(500)” which
is generated dynamically as a pole in the s-wave pipi scattering T -matrix.
The effective action in the IR limit then emerges by solving the non-perturbative
FRG flow equations. The physics results in this long-wavelength, low-density limit
should match those from perturbative chiral effective field theory. The FRG treat-
ment of fluctuations involving pions has a correspondence (although not one-to-one)
in the loop expansion of ChEFT. It is then an interesting point to compare (non-
perturbative) FRG results with (perturbative) in-medium ChEFT calculations, in
particular with reference to convergence issues in the latter. The strength of the
chiral FRG approach is that it incorporates resummations to all orders of impor-
tant multi-pion fluctuations, nucleon-hole excitations (i.e. fluctuations around the
nuclear Fermi surface) and many-body correlations. It can therefore be extended
up to high baryon densities as long as the system remains in the spontaneously
broken (Nambu-Goldstone) realisation of chiral symmetry.
Fig. 7 illustrates what has just been described: a linear sigma model, treated
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Fig. 7. Illustration of renormalization group evolution concepts: from the (UV) scale of spontaneous
chiral symmetry breaking in QCD, Λχ = 4pifpi ∼ 1 GeV, to the low-momentum (IR) scale relevant
for nuclear physics.
non-perturbatively with inclusion of nucleons, undergoes RG evolution from the
chiral UV scale, Λχ ∼ 1 GeV, all the way down to the effective action in the long-
wavelength limit. At scales below about 0.5 GeV the heavy σ boson decouples and
the theory can be rephrased in terms of a non-linear sigma model (ChEFT) with
pions as the only remaining “light” degrees of freedom, coupled to the “heavy”
nucleons. Note that the linear and non-linear sigma models are not equivalent at a
perturbative level: in confrontation with observables, resummations to high orders
in the linear sigma model must be perfomed when comparing to leading orders
in the non-linear sigma model. But such resummations are just what the FRG
equations generate.
2.3.1. Chiral nucleon-meson field theory
As mentioned, a suitable ansatz to prepare the UV input at Λχ ∼ 1 GeV for the
FRG flow equations is a chiral field theory of mesons and nucleons, based on a
linear sigma model with a non-linear effective potential. The starting Lagrangian
is:
L = N¯ [iγµ∂µ − g(σ + iγ5 τ · pi)]N
+
1
2
(∂µσ∂
µσ + ∂µpi · ∂µpi)− U(σ,pi) + ∆L . (12)
The ∆L term of this Lagrangian represents short-distance dynamics expressed in
terms of isoscalar and isovector vector fields coupled to nucleons, corresponding to
contact interactions in ChEFT. The potential U(σ,pi) is written as a polynomial up
to fourth order in the chiral field, χ ≡ σ2 +pi2, plus a χ2 logχ term and a symmetry
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breaking piece proportional to m2piσ. This potential U is constructed such as to be
consistent with pion-nucleon data and selected ground state properties of nuclear
matter.
The nucleon mass MN = gσ is coupled dynamically to the scalar field. Its
expectation value, 〈σ〉 is normalized to the pion decay constant fpi in the vacuum
so that the mass of the free nucleon satisfies the Goldberger-Treiman relation,
MN = g fpi, with the axial vector constant chosen here to be gA = 1. In general, 〈σ〉
acts as an order parameter for spontaneous chiral symmetry breaking. The region
of temperatures T and densities n where this chiral FRG framework can be applied
is defined by non-zero 〈σ〉(T, n) ≡ f∗pi(T, n).
Finite temperatures and chemical potentials are treated using the Matsubara
formalism. Minkowski space-time is Wick-rotated to Euclidean space. Time compo-
nents are transformed as x0 → −iτ . The τ -dimension is compactifed on a circle, such
that τ is restricted to [0, β] with the inverse temperature β = 1/T . Time-integrals
are replaced by −i ∫ β
0
dτ . Boson and fermion fields are periodic or anti-periodic,
respectively, under τ → τ +β. The Minkowski-space action S = ∫ d4x L is replaced
by the Euclidean action SE =
∫ β
0
dτ
∫
d3x LE.
The pertinent steps are then the following. An effective action, Γk[Φ] depending
on a renormalization scale k, is introduced, where Φ stands for the set of all chiral
boson and nucleon fields. The action derived from LE , the Euclidean version of the
Lagrangian (12), serves as the initialization of Γk at the UV scale, kUV ∼ Λχ =
4pifpi. The flow of Γk is determined in such a way that it interpolates between
the UV action and the full quantum effective action Γeff = Γk=0 in the infrared
limit, k → 0. The evolution of Γk as a function of k is given by Wetterich’s flow
equation,46 schematically written as
k
∂Γk[Φ]
∂k
= =
1
2
Tr
[
k
∂Rk
∂k
·
(
Γ
(2)
k [Φ] +Rk
)−1]
. (13)
The trace Tr stands for all relevant sums and integrations. A scale regulator, Rk(p),
is introduced in order to restrict momenta p in loop integrals to p2 < k2. The
derivative ∂kRk has maximum weight at p
2 ' k2. The matrix Γ(2)k collects 2nd
functional derivatives of the effective action with respect to chiral and nucleon
fields. It represents the full inverse propagators of all particles involved. In the
pictorial illustration of the flow equation these full propagators are marked by the
dot on the loop line while the k-regulator is symbolized by the crossed circle.
The welcome feature of the FRG system of equations is its capability to gener-
ate fluctuations to all orders beyond mean-field approximation. The “soft” degrees
of freedom that contribute most prominently to these fluctuations are the pion
field with its small mass and low-energy nucleon-hole excitations. Both these types
of excitations enter non-perturbatively through their full propagators in the flow
equation (13).
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For the treatment of the thermodynamics with inclusion of fluctuations it is use-
ful to compute the flow of the difference between the effective action at given values
of temperature and chemical potential, Γk(T, µ), as compared to the potential at
a reference point for which we choose equilibrium nuclear matter at zero temper-
ature, Γk(0, µ0) with µ0 = MN + E0/A = 923 MeV. The flow of the difference,
Γ¯k = Γk(T, µ)− Γk(0, µ0), satisfies the FRG equation
k ∂Γ¯k
∂k
(T, µ) =
∣∣∣∣∣
T,µ
−
∣∣∣∣∣
T=0
µ=µ0
. (14)
The actual computational work involves some simplifying assumptions and approx-
imations: the effective action is treated in leading order of the derivative expansion
and we work in the local potential approximation, neglecting (small) wave function
renormalization effects on the chiral boson fields and possible higher order deriva-
tive couplings. Moreover, the k-running of the Yukawa coupling g is ignored; the
dependence of the nucleon mass on temperature and chemical potential scales with
that of the pion decay constant, f∗pi(T, µ) = 〈σ〉(T, µ).
2.3.2. Nuclear chiral thermodynamics, part II
We proceed by examining once again the liquid-gas phase transition in symmetric
nuclear matter, now using the chiral FRG approach. The T − µ phase diagram of
Fig. 8 shows the first-order liquid-gas transition lines calculated using the full FRG
scheme45 of chiral nucleon-meson field theory, together with the corresponding re-
sult from a perturbative second order Kohn-Luttinger-Ward many-body calcula-
tion37 with chiral EFT input at N3LO. The comparison demonstrates the remark-
ably close proximity of these two results, both reproducing the empirical critical
point within uncertainties. The chiral FRG result for the critical temperature is
Tc = 18.3 MeV. Evidently, perturbative chiral EFT and the nonperturbative FRG
treatment of the chiral nucleon-meson model yield very similar physics at moder-
ate temperatures T . 20 MeV und densities around and below n0 ' 0.16 fm−3.
However, the mean-field approximation of the chiral FRG effective action, replacing
fields by their expectation values and thus ignoring fluctuations, gives a qualitatively
different picture with a critical point outside the empirical range. It is obvious that
pionic and nucleon-hole fluctuations beyond mean field are important for a realistic
treatment of the nuclear many-body problem.
Further instructive insights can be gained by studying the liquid-gas thermo-
dynamics of asymmetric nuclear matter, varying the proton fraction xp = Z/A
systematically towards pure neutron matter. In Fig. 9 the coexistence regions in a
temperature/density-plot are shown for different proton fractions. As the temper-
ature increases, the phase coexistence region melts until it disappears at a certain
xp-dependent critical temperature characterized by a second-order critical endpoint.
The trajectory of the critical endpoint as it evolves with decreasing proton fraction
xp is indicated by the dotted curve. For xp smaller than a critical value of x = 0.045
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Fig. 8. Liquid-gas phase transition of symmetric nuclear matter in a T − µ diagram. Solid curve
(FRG): chiral FRG calculation44 including bosonic fluctuations and particle-hole excitations. Dot-
ted curve (ChEFT): perturbative chiral EFT calculation37 using N3LO interactions together with
N2LO three-body forces. Dashed line (MF): mean-field approximation result of chiral nucleon-
meson theory.
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FIG. 2. The equation of state for different proton fractions x at van-
ishing temperature. The dashed curve denotes the absolute minimum
of the energy per particle. The dotted line results from a Maxwell
construction.
0.0 0.2 0.4 0.6 0.8 1.00
5
10
15
20
n ! n0
T
"M
eV
#
0.5
0.4
0.3
0.2
0.1
x = 0.045
FIG. 3. The liquid-gas coexistence regions for different proton frac-
tions x.
at non-vanishing density, which can be obtained in a Maxwell
construction from the energy per particle, as depicted by the
dotted line in Fig. 2 for x = 0.1. Finally, for x smaller than
a critical value of x = 0.045 the energy per particle is rais-
ing monotonously as a function of density. There is no longer
a second minimum and the coexistence region vanishes alto-
gether as is seen in Fig. 3.
If the temperature is increased, the phase coexistence re-
gion melts until it disappears at a certain x-dependent crit-
ical temperature, which is characterized by a second-order
critical endpoint. From the behavior of the coexistence re-
gions one can read off the critical endpoint for symmetric
matter, which is located at a temperature T = 18.3MeV and
a critical density n = 0.053 fm 3. These values are in ex-
cellent agreement with analyses of compound nuclear reac-
tions and multifragmentation experiments, which give criti-
cal temperatures of T = 17.9± 0.4MeV and critical densi-
ties   = 0.06± 0.01 fm 3 [40, 41]. The fate of the critical
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FIG. 4. The equation of state for pure neutron matter with
Esym = 32MeV. The gray band shows QMC results [11] with
32.0MeV  Esym  33.7MeV
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FIG. 5. The equation of state for pure neutron matter. The gray
band are our results with 29MeV  Esym  33MeV. For reference
predictions from ChEFT (full line, [5]), QMC based on realistic po-
tentials (dashed, [39]), QMC based on chiral potentials (dotted, [13])
as well as the Akmal-Pandharipande-Ravenhall EoS (dashed-dotted,
[28]) are shown.
endpoint as the proton fraction x is varied, is indicated by the
dotted curve. We note that our idealized model ignores surface
effects as well as Coulomb repulsion. In realistic scenarios at
low densities the effects of light clusters are not taken into ac-
count. A study in the framework of relativistic mean field and
microscopic quantum statistical models showed a moderate
influence on the position of the critical endpoint [42].
We want to study in more detail the equation of state for
pure neutron matter in comparison with the literature. First
the coupling G  is fixed to reproduce Esym = 32MeV. The
L parameter corresponding to the slope of the symmetry en-
ergy as defined in Eq. (15) is then L = 66.3MeV, close to the
empirical value 40MeV ⇥ L ⇥ 62MeV [33].
In Fig. 4 the energy per particle is shown as a function of
density (black line). In comparison, results obtained in a quan-
..
p = 0.045
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Fig. 9. The liquid-gas coexistence regions for different proton fractions xp = Z/A. The trajectory
of the critical point is shown as the dotted line.. The shaded rectangle indicates the empirical
location of the critical point39 for symmetric nuclear matter with xp = 0.5. Figure adapted from
Ref.44 .
the energy per particle begins to increase monotonously as a function of density
and the coexistence region vanishes altog ther.
In summary, the non-perturbative FRG framework based on chiral nucleon-
meson field theory yields results for nuclear thermodynamics that are consistent
with those of perturbative chiral EFT at moderate temp ratures and densities. This
is true both for symmetric and asym etric nuclear matter. In fact, with an isovector
contact term fixed to reproduce a symmetry energy around 32 MeV, the behaviour
of asymmetric nuclea matter is almost entirely governed by the isospin dep ndenc
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of the two- and multi-pion exchange processes between nucleons generated by chiral
dynamics.
2.4. Chiral symmetry restoration and order parameters
Whereas perturbative chiral EFT has its limitations when extrapolating to densities
beyond n > 2n0, the nonperturbative chiral FRG approach can in principle be
extended to compressed baryonic matter at higher densities. A necessary condition
for this to work is that matter remains in the hadronic phase chracterized by the
spontaneously broken Nambu-Goldstone realisation of chiral symmetry.
Lattice QCD computations47,48 at µ = 0 demonstrate the existence of a
crossover transition towards restoration of chiral symmetry in its Wigner-Weyl re-
alisation at temperatures T > Tc ' 0.15 GeV. Chiral symmetry is presumably
also restored at large baryon chemical potentials and low temperature, although
the critical value of µ at which this transition might take place is unknown. It
presumably corresponds to densities that exceed n0 by a large factor.
Several calculations of isospin-symmetric matter using Nambu & Jona-Lasinio
or chiral quark-meson models have predicted a first-order chiral phase transition at
vanishing temperature for quark chemical potentials, µq, around 300 MeV (see, e.g.,
Refs.49–53). Translated into baryonic chemical potentials, µ ' 3µq, chiral symmetry
would then be restored not far from the equilibrium point of normal nuclear matter,
µc = 923 MeV. Nuclear physics with its well-established empirical phenomenology
teaches us that this can obviously not be the case. However, these calculations –
apart from the fact that they operate with (quark) degrees of freedom that are
not appropriate for dealing with the hadronic phase of QCD – work mostly within
the mean-field approximation. It is therefore of great importance to examine how
fluctuations beyond mean-field can change this scenario. Using chiral nucleon-meson
field theory and FRG, we shall indeed point out that the mean-field approximation
cannot be trusted: it is likely that fluctuations shift the chiral phase transition to
extremely high baryon densities.
Within chiral nucleon-meson (ChNM) field theory the expectation value of the
scalar field, 〈σ〉, takes over the role of the quark condensate, 〈q¯q〉, as order parame-
ter for the spontaneous breaking of chiral symmetry. In chiral EFT the temperature
and density dependence of the quark condensate can be calculated by taking the
derivative of the free-energy density, F(T, n), with respect to the quark mass, or
equivalently, the squared pion mass. The Hellmann-Feynman theorem in combina-
tion with the Gell-Mann–Oakes–Renner relation gives the ratio of the in-medium
chiral condensate to its vacuum value in the form:
〈ψ¯ψ〉(T, n)
〈ψ¯ψ〉0
= 1− 1
f2pi
∂F(T, n)
∂m2pi
, (15)
The corresponding ratio in the ChNM model is 〈σ〉(T, n)/〈σ〉0, with the vacuum
value normalized as 〈σ〉0 = fpi. Chiral order parameters for symmetric nuclear mat-
ter show similar trends in both ChNM-FRG and chiral EFT calculations: a mean-
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ture. Using a statistical model a chemical freeze-out boundary
curve in the (T, µ) has been extracted [? ]. For small baryon
chemical potentials the freeze-out temperature turns out to be
very close to the transition temperature of the chiral crossover
as inferred from lattice QCD computations. If such a cor-
respondence between chemical freeze-out and chiral transi-
tion would remain valid also for large chemical potentials, one
would be tempted to conclude that the chiral phase transition
leaks well into the nuclear physics terrain that is properly de-
scribed by the present chiral chiral nucleon-meson model. It is
therefore of interest to explore whether the model as it stands
would support or disprove such an interpretation.
A partial answer has already been given in ref.[? ]. Their
mean-field analysis shows no decreasing chiral condensate
near freeze-out at large chemical potentials. Here we repeat
and extend this computation, now with the effects from ther-
mal pion loops included. As a typical example, the ⇥ field
representing the chiral condensate is plotted as a function of
temperature for a fixed chemical potential µ = 760 MeV
in Fig. 6. At this value of µ the freeze-out point derived
from the statistical model analysis is located at a tempera-
ture T = 56+9.6 2.0 MeV. If there were a chiral phase transition
nearby, the condensate would change significantly and drop
rapidly to a small value. This is not seen in Fig. 6 where
the sigma field is plotted both at the mean-field level and
with the fluctuations taken into account using the FRG. One
observes that the magnitude of the chiral condensate is still
large up to temperatures around 100 MeV and chiral symme-
try remains spontaneously broken, as already demonstrated
in Fig. 7. Chemical freeze-out and chiral restoration are not
connected or intertwined at baryon chemical potentials char-
acteristic of the nuclear physics region and beyond.
In Fig. 7, the contours of the normalized condensate,
⇥/f  , are plotted for chemical potentials 700MeV ⇤ µ ⇤
950MeV. We see that the condensate stays above 2/3 of its
vacuum value throughout this region. We therefore conclude
that chiral symmetry is not restored and there is no critical
endpoint within the region 700MeV ⇤ µ ⇤ 950MeV and
for temperatures T ⇤ 100MeV.
It should of course be pointed out that the chiral phase
transition or the crossover itself cannot be reliably addressed
in our model. The effective potential has been adjusted at
the liquid-gas phase transition in a Taylor expansion around
⇥ = f  . It is therefore predictive only for values of ⇥ not
too far from f  , whereas ⇥ changes rapidly in the vicinity of
the phase transition or crossover. It is nonetheless instructive
to extrapolate and examine where the phase transition actually
takes place in the model. In the mean-field approximation, the
condensate is seen to jump discontinuously to zero already at
a chemical potential of µ = 955 MeV which translates to a
density of about 1.5 times saturation density. This restricts the
applicability of the mean-field version to a relatively narrow
range around normal nuclear densities and the liquid-gas tran-
sition. Once thermal fluctuations are properly treated using
the FRG approach, the chiral condensate remains finite up to
a chemical potential µ = 1.15 MeV, or densities beyond 2.5
times nuclear saturation density. While at such large values
of the chemical potential, the field-dependence of the Yukawa
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FIG. 7. Contour plots of  /f  . Within the region of applicability of
the chiral nucleon-meson model, the condensate is still non-zero and
chiral symmetry is not restored.
couplings should already be taken into account, the fact that
fluctuations tend to stabilize the hadronic phase of sponta-
neoulsly broken chiral symmetry up to quite high baryon den-
sities emerges as a robust result.
C. Fluctuation effects at the critical endpoint
The thermal fluctuation effects included in the present FRG
calculation are also important for the description of critical be-
havior in the vicinity of the endpoint of the first-order liquid-
gas transition. As already discussed in [? ] for the present
model, a mean-field calculation cannot be expected to be reli-
able close to the phase transition.
To assess the magnitude of these fluctuations, we compare
results for the chiral susceptibility (associated with the mass of
the ⇥ mode) from the FRG calculation to those from a mean-
field calculation. A technically similar calculation [? ] for
the critical region in a quark-meson model found only a rela-
tively narrow region around the critical endpoint (in this case
of the chiral phase transition) in which fluctuations dominate.
Compared to the mean-field calculation, the critical region in
those RG results was much compressed. While the calcula-
tions performed with the quark-meson model were focused
on quark-number susceptibilities, the results guide our expec-
tations also for the present model. In the PQM study [? ], a
smoothing of the observables around the chiral crossover line
appeared once fluctuations were included.
In Figs. 8 and 9, contour lines for the chiral susceptibility,
⇤⇥ = m
 2
⇥ , are shown in the T  µ plane. To facilitate a com-
parison, the susceptibilities are normalized to their respective
vacuum expectation values according to ⇤⇥(µ, T ) ⇥ m2⇥,vac.
Qualitatively similarly to the PQM results in [? ] for the chi-
ral transition, we find in the nucleon-meson model that there is
an extended region above the critical endpoint where the sus-
ceptibility in the mean-field calculation remains large. This
region is elongated along an extrapolation of the first-order
line beyond the critical endpoint. In contrast, the fluctuation-
dominated region in the RG calculation is much more concen-
h i(T, µ)
f⇡
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Fig. 10. T −µ phase diagram of sym tric nuclear matter calculated in the FRG-ChNM model.45
Contour lines for constant valu s of the chiral order parameter 〈σ〉/fpi are drawn with numbers
attached. The liquid-gas first-order transition line and its critical point are also indicated for
orientation.
fi ld approximation treatment would predict a first-order chiral phase transition
for T = 0 at a density as low as n ' 1.6n0. However, once fluctuations are taken
into account45 the chiral restoration transition is shifted to chemical potentials well
beyond µ ∼ 1 GeV (or densities n > 3n0).
It is instructive to examine the order parameter 〈σ〉 in the T–µ phase diagram
around the liquid-gas t nsition. Figure 10 hows contours of constant values 〈σ〉/fpi
in the T − µ plane calculated using the chiral nucleon-meson theory in combina-
tion with full FRG including fluct ations. Evidently, within the whole region of
temperatures T . 100 MeV and baryon chemical potentials µ . 1 GeV, the order
parameter rem ins far from zero and there is no tendency towards a chiral phase
transition. Nowhere in this whole (T, µ) range does the effective nucleon mass in
the medium drop below M∗N (T, µ) ' 0.7MN .
For pure neutron atter at T = 0, the chiral condensate has been calculated pre-
viously within (perturbative) chiral effective field theory54,55 . Chiral nuclear forces
treated up to four-body i teractions55 at N3LO wer shown to work moderately
against the leading linearly decreasing condensate with increasing density around
and beyo d n ' n0. The n n-perturbativ FRG approach permits an extrapolation
to higher densities. Results are presented in Fig. 11. In mean-field approximation
the order parameter 〈σ〉/fpi shows a first-order chiral phas transition at a density
of about 3n0. However, the situation changes qualitatively when fluctuations are
i cluded using the FRG fram work. The chiral order p rameter now turns into a
continuous function of density, with no indication of a phase transition. Even at five
to six times nuclea saturation ensity the order parameter still remains at about
forty percent of its vacuum value. Only at densities as large as n ∼ 7n0 does the
expectation value of σ show a more rapid tendency of a crossover towards restora-
tion of chiral symmetry. But this is even beyond the range of densities that may be
reached in the cores of neutron stars.
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Fig. 11. Density dependence of the chiral order parameter for pure neutron matter at vanishing
temperature44 . Solid line (FRG): FRG calculation with chiral nucleon-meson theory input, in-
cluding fluctuations. Dashed line (MF): mean-field approximation result featuring a first-order
chiral phase transition.
As a significant outcome of the nonperturbative FRG computations, we thus
observe a huge influence of higher order fluctuations involving Pauli blocking effects
in multiple pion-exchange processes and multi-nucleon correlations at high densities.
With neutron matter remaining in a phase of spontaneously broken chiral symmetry
even up to such very high densities, this encourages further-reaching applications
and tests of the FRG-ChNM approach in constructing an equation of state for the
interior of neutron stars.
3. Implications for Neutron Stars
Neutron star observations provide stringent constraints for the equation-of-state
(EoS) of highly compressed baryonic matter. New standards have been set by the
discovery of heavy neutron stars56,57 with masses Mn−star ' 2M. Whatever the
detailed composition of dense matter may be: its EoS must produce sufficiently high
pressure in order to stabilize two-solar-mass neutron stars against gravitational
collapse. Additional important constraints are now derived from the analysis of
gravitational wave signals58 produced by neutron star mergers.
3.1. Equation-of-state for neutron star matter
A realistic equation-of-state for neutron star matter at T = 0 that turns out to
satisfy the constraints just mentioned has been computed43,44 solving the FRG
equations with input from chiral nucleon-meson theory. At low densities this EoS is
consistent with chiral EFT calculations of neutron matter and symmetric nuclear
matter. The symmetry energy at n = n0 is [E(Z = 0)− E(Z = N)]/A = 32 MeV.
Beta equilibrium conditions for neutron star matter are properly incorporated. The
result for the pressure as function of the energy density, P (E), in Fig. 12 shows a
steep rise towards pressures exceeding 100 MeV/fm3 in the region relevant for the
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Fig. 12. Pressure as function of energy density fo neutron star matter with inclusion of beta
equilibrium. Solid curve: result of a calculation43,44 starting from chiral nucleon-meson theory
and solving functional renormalization group equations. The uncertainty band indicated by dotted
lines corresponds to a range of input symmetry energy values 30 - 34 MeV at density n = n0 = 0.16
fm−3. Also shown is the square of the sound velocity, c2s = ∂P (E)/∂E.
core of heavy neutron stars. This amount of pressure is indeed capable of supporting
a two-solar-mass neutron star. Its radius is predicted to be R ' 11.5 km. Notably
the baryon density in the center of such an object does not exceed n ∼ 5n0. Follow-
ing the discussion in Sec. 1.4, it then appears justified to work with nucleons and
pion fields as relevant degrees of freedom even at such extreme but not hyperdense
conditions.
A further interesting property of compressed baryonic matter is its velocity of
sound. For a non-interacting relativistic Fermi gas the squared sound velocity has
a canonical value,
c2s =
∂P (E)
∂E =
1
3
, (16)
which is supposed to be reached at asymptotically high densities. The inset of
Fig. 12 shows that the squared sound velocity of the FRG - ChNM equation-of-
state exceeds c2s = 1/3 at a baryon density around n ∼ 4n0 and continues to grow
as it approaches neutron star core densities. This behaviour can be traced to the
continuously rising strength of repulsive many-body correlations driven in part by
the Pauli principle as the density increases. At much higher densities, once nucleon
clusters dissolve and quark matter takes over, c2s is expected to decrease again and
ultimately approach its asymptotic value of 1/3 from below at ultrahigh densities59
.
An important effort presently pursued and steadily being improved is to con-
strain the neutron star equation-of-state systematically from observational data, to-
gether with an interpolation between theoretical limits provided by nuclear physics
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Fig. 13. Pressure as function of energy density for neutron star matter with constraints from
perturbative QCD and nuclear EFT calculations at the upper and lower ends of the density
scale, adapted from refs.62,63 The shaded area represents the range of acceptable equations-of-
state subject to empirical conditions on neutron star maximum mass and tidal deformability, the
latter from LIGO & Virgo gravitational wave analysis. The curve denoted “Chiral EFT + FRG”
represents P (E) from Fig. 12.
at low densities and perturbative QCD at extremely high densities. Fig. 13 shows
a recent example. Nuclear constraints as represented by ChEFT calculations23,60
set the low-density limit of P (E) at energy densities E . 200 MeV/fm3. Sophisti-
cated perturbative QCD calculations61 determine the pressure at extreme energy
densities, E > 10 GeV/fm3. Constraints in the region between these extremes are
introduced by studying large sets of parametrized equations-of-state subject to the
condition that they all produce a maximum neutron star mass of at least 2M
and at the same time fulfill the tidal deformability limit58 Λt < 580 deduced from
the updated LIGO & Virgo gravitaional wave analysis. The shaded area in Fig. 13
defines the region of acceptable neutron star equations-of-state under such condi-
tions62,63 . Remarkably, the EoS computed using the FRG-ChNM approach and
shown in Fig. 12 satisfies these constraints up to the densities relevant for the core
of massive neutron stars. Of course, one order of magnitude in the pressure P
still separates this neutron star domain from the perturbative QCD sector. It is
in the range of densities n > 5n0 where one can expect a (probably continuous)
hadrons-to-quarks transition17 to take place.
3.2. Outlook: strangeness in neutron stars ?
An issue that still needs to be resolved is the so-called “hyperon puzzle” in neutron
stars. At densities around 2-3 times n0 the neutron Fermi energy reaches a point
at which it begins to be energetically favourable replacing neutrons by Λ hyperons,
as long as only ΛN two-body forces are employed64,65 . Then, however, the EoS
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becomes too soft and misses by far the 2M constraint for the neutron star masses.
Ongoing investigations suggest a possible way of resolving this puzzle. The start-
ing point is an extension to chiral SU(3)×SU(3) meson-baryon EFT and the con-
struction of interactions now involving the complete baryon and pseudoscalar meson
octets, incorporating SU(3) breaking effects through the physical mass differences
within the multiplets. Hyperon-nucleon interactions constructed in this scheme66
at NLOc indicate strong ΛN → ΣN coupled-channels effects in combination with
repulsive short-distance dynamics which work to raise the onset condition for the Λ
chemical potential, µΛ = µn, towards higher densities. Perhaps more significantly,
ΛNN three-body forces67,68 as they emerge from chiral SU(3) EFT introduce ad-
ditional repulsion69 that raises µΛ further with increasing density. Detailed studies
are now performed combining these repulsive effects in order to explore whether
the condition µΛ = µn can still be met in neutron stars.
4. Concluding Remarks
The focus in this presentation has been on guiding principles leading from QCD
symmetries and symmetry breaking patterns to strongly interacting complex sys-
tems such as nuclei and dense baryonic matter. It indeed turns out that chiral
symmetry and its spontaneous breakdown in conjunction with the confining and
scale-invariance breaking QCD forces provide the basis for constructing effective
field theories of low-energy QCD that lead a long way towards the understanding
of nuclear forces, nuclear many-body systems and even baryonic matter under more
extreme conditions.
In this context, a significant outcome from a non-perturbative framework using
functional renormalization group methods concerns the appearance of phase transi-
tions in the equation-of-state of baryonic matter. While the empirically established
first-order liquid-gas transition in nuclear matter is well reproduced, strong fluctua-
tions beyond mean-field approximation prevent a first-order chiral phase transition
from appearing at densities as high as those encountered in the core of neutron
stars. In such a scheme the quest for the emergence of quark-hadron continuity and
the transition to freely floating quarks in cold and compressed baryonic matter is
passed over to even more extreme density scales.
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